Abstract: Many researches on vehicle planar motion stability focus on two degrees of freedom(2DOF) vehicle model, and only the lateral velocity (or side slip angle) and yaw rate are considered as the state variables. The stability analysis methods, such as phase plane analysis, equilibriums analysis and bifurcation analysis, are all used to draw many classical conclusions. It is concluded from these researches that unbounded growth of the vehicle motion during unstable operation is untrue in reality thus one limitation of the 2DOF model. The fundamental assumption of the 2DOF model is that the longitudinal velocity is treated as a constant, but this is intrinsically incorrect. When tyres work in extremely nonlinear region, the coupling between the vehicle longitudinal and lateral motion becomes significant. For the purpose of solving the above problem, the effect of vehicle longitudinal velocity on the stability of the vehicle planar motion when tyres work in extremely nonlinear region is investigated. To this end, a 3DOF model which introducing the vehicular longitudinal dynamics is proposed and the 3D phase space portrait method is employed for visualization of vehicle dynamics. Through the comparisons of the 2DOF and 3DOF models, it is discovered that the vehicle longitudinal velocity greatly affects the vehicle planar motion, and the vehicle dynamics represented in phase space portrait are fundamentally different from that of the 2DOF model. The vehicle planar motion with different front wheel steering angles is further represented by the corresponding vehicle route, yaw rate and yaw angle. These research results enhance the understanding of the stability of the vehicle system particularly during nonlinear region, and provide the insight into analyzing the attractive region and designing the vehicle stability controller, which will be the topics of future works.
Introduction *
It is crystal clear that the lost of the vehicle stability during icy and wet road conditions is caused by the nonlinearity of tyres. Yet, the development of the vehicle motion after losing its stability is largely unknown. Preventing tyres from nonlinear region by whatever the means plays a major part for a stably vehicle handling, but to regain the maneuverability is not by all means less critical. The later becomes viable only provided with necessary planar monition characteristics, which is the topic of this paper.
Up to date, many researchers focus on two degrees of freedom(2DOF) vehicle planar motions. The works of INAGAKI, et al [1] and ONO, et al [2] led to a conclusion that the vehicle had three equilibriums, one being stable focus while the other two unstable saddles, and that the stable region was rather narrow in the so-called β-ω phase plane spanned by the body side slip angle β and yaw rate ω. The similar was also concluded by YOUNG, et al [3] and VINCENT [4] , but the conclusions were only validate locally.
SHEN, et al [5] , adopted a geometrical method to explore the system from more global point of view for the first time.
The complicated dynamics with bifurcation and limit-cycles were discovered. SHI, et al [6] , discovered the stable region of vehicle cornering system spanned by the body slip angle and the yaw rate through the analysis of Lyapunov potential energy function surface. Unbounded growth of the vehicle motion during unstable operation is untrue in reality thus one limitation of the 2DOF model. The impact from the vehicle longitudinal motion is insignificant thus the vehicle longitudinal velocity is treated as a constant. This is the fundamental assumption of the 2DOF model, but this is intrinsically incorrect if tyres work in extremely nonlinear region. The coupling between the vehicle longitudinal and lateral motion becomes significant [7] . Consequently, the longitudinal velocity can not be treated as a constant. Therefore, a 3DOF (longitudinal velocity, lateral velocity and yaw rate) model is introduced and analyzed numerically in this paper. The comparison between 2DOF and 3DOF model in terms of the vehicle system dynamics is summarized and illustrated.
3DOF Vehicle Steering Model
The bicycle model of vehicle steering system is shown in Fig. 1 . The equations of 3DOF vehicle model are shown as follows [8] : 
where δ f -Front wheel steering angle; δ r -Rear wheel steering angle; l f -Distance from front axle to the mass center, l f =1.2 m; l r -Distance from rear axle to the mass center, l r =1.3 m; F lf -Longitudinal tyre force of front wheel; F sf -Lateral tyre force of front wheel; 
For the vehicle planar motion, if the system is not constrained, all the state variables of the system are free to develop with time. This allows the investigation of the dynamical coupling between the lateral and longitudinal directions. However, as a consequence of the longitudinal velocity being constrained as a constant in 2DOF model, the dynamics represented by 2DOF could only be partially true. It is therefore reasonable to introduce the 3DOF model. In this paper, the focus is given to the interaction between longitudinal and lateral motions.
Although the longitudinal tyre forces and air resistant force are neglected, the longitudinal velocity is now not a constant. The proposed 3DOF steering model is shown as follows: 
The lateral tyre force depending on the side slip angle is represented by the magic formula model:
where B, C, D, E are coefficients, F is the lateral tyre force and α is the side slip angle. The coefficients are listed in Table  [ The side slip angles of both front and rear tyres are given as below:
r r r arctan .
Fig. 2. Lateral tyre force versus side slip angle for front and rear tyres in bicycle model.
Comparison of Phase Portrait Analysis between the 2DOF and 3DOF Models
Vehicle motion can be visualized in a phase space spanned by longitudinal velocity, lateral velocity and yaw rate (v x , v y , and ω). However, conventional study of 2DOF model is more common to employ a phase plane spanned only by the two of just-mentioned state variables. Fig. 3 and Fig. 4 show the typical v y -ω portraits of the 2DOF model. The results given in Fig. 3 and Fig. 5 are also presented by many researches [1, 4] , which are used to distinguish the stable and unstable region for 2DOF model. Nevertheless, these two figuers only reflect the local portrait of the state variables. It is still largely unkown the development of the state variables if the vehicle loses its stablility. Fig. 4 and Fig. 6 show the more global view of vehicle motions in v y -ω and β-ω phase plane. It could be concluded from Fig. 4 and Fig. 6 that once the vehicle loses its stablility, the body side slip angle increases to π/2 rapidly, and that both the yaw rate and lateral velocity grow exponentially. Because the longitudinal velocity is treated as a constant, the energy of lateral and yaw motion becomes unbounded, which is contradictory to the vehicle motion in reality. Therefore, the global phase portrait derived from the 2DOF vehicle model reveals the limitation of the 2DOF model. As previously mentioned, the state variable grows exponentially once it come into the unstable region for the 2DOF model. However, this would not happen to the 3DOF model. Since vehicle longitudinal velocity is not treated as a constant any more, part of the lateral and yaw motion converts into longitudinal motion and the trajectories which form closed and bounded orbits present multiplicity.
Phase Space Portraits of 3DOF
4.1 Phase space portraits with the variation of initial longitudinal velocity Fig. 9 shows the vehicle trajectories with v y and ω taking their initial value from the interval of (-10,10) m/s and (-1,1) rad/s and the initial longitudinal velocity being respectively 20 m/s and 40 m/s. Fig. 10 and Fig. 11 show the projections of the portrait onto v y -ω plane when v x is 20m/s and 40m/s, respectively. It could be concluded from Fig. 9 that the orbits formed by the vehicle trajectories grow larger in 3D phase space when initial longitudinal velocity is increased. Howerer, It is also indicated from Fig.  10 and Fig. 11 that the attractive region of equilibrium becomes narrow with the increase of initial longitudinal velocity. This trendency of losing stability could also be concluded from the study based on 2DOF model [1] . Fig. 9 . v x -v y -ω phase space trajectories Fig. 12 and Fig. 13 show the local phase space trajectories onto v y -ω plane when the front wheel steering angle δ f is respectively 0.01 rad and 0.05 rad. It is shown in these two figures that the equilibrium positions vary with the front wheel steering angle, and there is no fixed-point equilibrium solution once the front wheel steering angle reaches and beyond 0.05 rad. 
Phase space portraits with the variation of front wheel steering angle

Constant front wheel steering angle inputs
Fig. 14 and Fig. 15 show the phase space trajectories with the front wheel steering angle being 0.01 rad, 0.015 rad and 0.05 rad. Fig. 16 shows the projection of trajectories onto v y -ω plane with the front wheel steering angle δ f being 0.01 rad, 0.015 rad and 0.05 rad, respectively. And Fig. 17 shows an enlargement of Fig. 16 . Fig. 18 represents the results of the sine wave front wheel steering angle inputs. Frequencies of the sine waves are all 0.4 Hz, and the amplitudes are 0.015 rad, 0.03 rad and 0.05 rad, respectively. Fig. 19 and Fig. 20 show the phase space trajectories with the amplitudes of the front wheel steering angle being 0.015 rad, 0.03 rad and 0.05 rad. Fig. 21 shows the projection of trajectories onto v y -ω plane while Fig. 22 is the enlargement of Fig. 21 . It is shown from these numerical experiments that when either the constant or sine wave but the amplitude of the front wheel steering angle is small, the v x -v y -ω phase space trajectories indicate the system is stable. Otherwise, the system loses its stability. Fig. 23, Fig. 24 and Fig. 25 show the state variables (v x , v y , ω) with the front wheel steering angle being 0.01 rad, 0.015 rad and 0.05 rad, respectively. Fig. 26 and Fig. 27 show the vehicle motion in x-y plane. The results indicate that when the front wheel steering angle is small (0.01 rad and 0.015 rad), the system is stable. Consequently, the vehicle motion forms a circle orbit in x-y plane, implying the vehicle yaw rate will be a constant. Thus, the yaw angle grows linearly with time. The vehicle has full capability to follow the steering commands. On the other hand, once the front wheel steering angle reaches 0.05rad, all the state variables v x , v y and ω start oscillating. It is interesting to see that the longitudinal velocity becomes negative, which means the vehicle is turning backward. This is further confirmed by the vehicle motion represented in x-y plane. The vehicle struggles to follow a circle orbit command initially, which is the reason why the radius of trajectories circles is continuously reduced. However, the vehicle loses its control and moves toward the negative x-direction eventually. All these are the evidences that the vehicle is unstable in these conditions. Fig. 28 and Fig. 29 show the lateral tyre forces given in the lateral tyre force vs. tyre side slip angle diagrams. It is shown in these figures that when the front wheel steering angle is small, both the side slip angle and lateral tyre force are in the linear region. However, the tyre clearly works in nonlinear region when the front wheel steering angle reaches 0.05 rad. Thus, working in nonlinear region of tyre(s) is the ultimate reason of the vehicle losing its stability. The results indicate that when the amplitude is small (e.g., 0.015 rad and 0.03 rad), the vehicle is stable and can follow the so-called 'S' route steering commands. However, once again when the amplitude reaches 0.05 rad, the interesting vehicle dynamics emerges. The yaw rate remains positive and the longitudinal velocity appears negative, implying the vehicle spins around incessantly and even turns backward occasionally. The vehicle has lost its stability. Fig. 35 and Fig. 36 show the lateral tyre forces given in the lateral tyre force vs. tyre side slip angle diagrams. Clearly, when the amplitude of the front wheel steering angle is small (e.g., 0.015 rad and 0.03 rad), the tyres work in the linear region. On the other hands, the tyres work in severe nonlinear region when the amplitude reaches 0.05 rad, which again is the cause of vehicle instability. (2) Vehicle system dynamics is fundamentally different from that represented by the 2DOF model. The state variables grow exponentially once they come into the unstable region in 2DOF model. However, this would not happen to 3DOF model. The trajectories form closed and bounded orbits. (3) The consequences of the vehicle motion with different front wheel steering angles are interpreted by investigating the corresponding vehicle route, yaw rate and yaw angle. These analyses enhance the understanding of the cause of the vehicle instability.
Sine wave front wheel steering angle inputs
Analysis of the Results
Constant front wheel steering angle inputs
(4) The phase portrait after vehicle losing its stability represented by 3DOF provides the insight into the vehicle motion and guidance for future vehicle stability control design.
